I t is usually assumed th a t the forces of attraction and repulsion between two molecules depend only on their electronic structures and are independent of the nuclear masses. While this assumption is undoubtedly true to a first approximation it fails to take into account the zero-point energy associated with the nuclear vibrations, which will modify the charge distribution both of the nuclei and of the electronic shells. Since the zero-point energy depends upon the nuclear mass, this may lead to differences between the behaviour of a pair of isotopic molecules such as H 2 and D2. If the restoring force of the nuclear vibration is not directly proportional to the displa cement of the nuclei from their mean position, then the mean internuclear distance will be different for the two isotopes. The magnitude of this anharmonic effect can be calculated from spectrum data, and it is found th a t for H 2 and D2 the difference is less than 10~n cm., and hence negligible. However, the energy of interaction of two molecules will not be a linear function of the inter nuclear distance within the molecules, so th a t even for harmonic oscillations the observed interaction will depend upon the magnitude of the zero-point energy. Both the attractive and the repulsive intermolecular forces will be affected in this way, but it is difficult to treat the former owing to the absence of any exact treatm ent of exchange forces between molecules. The problem is more easily attacked in the case of the Coulomb forces (which have a net repulsive effect), and the present paper constitutes an attem pt to estimate the isotope effect for this type of force.
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It will be necessary to neglect the mutual deformation of the charge distributions caused by the approach of the two molecules. This assumption is usually made in dealing with Coulomb forces, and it is unlikely to introduce serious error in calculating the isotopic difference. The total Coulomb inter action between two molecules can then be written as
where Gn is the interaction between the nuclei of the two molecules, Gne the interaction between the nuclei of one molecule and the electrc shell of the other, and Ge the interaction between the two electron shells. The principles involved are most easily seen by considering Gn for two diatomic molecules.
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On the assumption th a t all directions of approach are equally probable, if the zero-point energy is neglected the nuclear charge may be regarded as being distributed over an infinitely thin spherical shell of diameter equal to the internuclear distance r0. If Ze is the total nuclear charge for one molecule and R the distance between the centres of mass of the two molecules, then provided th at R> r0, Gn is given by
If, on the other hand, we take into account the zero-point energy, the thin spherical shell must be replaced by a spherical charge distribution which has its maximum charge density at r = h '0 and which falls aw of this in accordance with the law p x e^-W '6*,
where b = is the amplitude of a classical harmonic oscillation of energy \hv. The value of G .n is then obtained by calculating the i between two such distributions when their centres are distant R apart. Without carrying out the calculation it is readily seen that for values of R which occur in practice Gn will differ negligibly from the value given by equation (1), since it is only the overlapping portions of the charge distribu tions which will lead to such differences. Thus for a hydrogen molecule r0 = 0-75 A , b = 0-09 A , and the charge density at a distance of 1 A from the centre has fallen to 10~20 of its maximum value.
The same principles apply to the interactions involving the electrons, though in this case the effects are much greater. The ordinary electronic wave functions represent the probability distribution of the electrons for fixed nuclei, and we must superimpose upon this a second probability distri bution corresponding to the zero-point energy of the nuclei. Thus the com plete wave function (supposed real) for the electrons of one diatomic mole cule can be written xjfx = x Jsx{tx, xx) , where tx represents spatial co-ordin referred to the centre of mass and xx is a co-ordinate for the nuclear vibration. The interaction between the electron shells of two such molecules is then given by
Jr 12 where the integrations with respect to tx and t2 are over all space, and those with respect to xx and x2 from -oo to + oo. In the same way the interaction between the nuclei of molecules (1) and the electron shell of molecule (2) is given (for not too small intermolecular distances) by
where we neglect as before the effect of the zero-point energy on the charge distribution of the nuclei themselves, but allow for its effect on the electron shells. The usual expressions for the Coulomb interaction correspond to equations (4) and (5) without integration over and An exact evaluation of the expressions for and is not possible even for the simplest diatomic molecule, since we have no knowledge of the exact electron distribution or of its dependence upon the nuclear separation. We can, however, carry out the calculation for a simple model, which should be adequate to estimate the difference between pairs of isotopes. This model consists of a point positive charge
Ze surrounded b of negative electricity of equal charge represented by a hydrogen-hke wave function. The effect of the zero-point energy is introduced by supposing th a t the radius of maximum electron density (which is determined by the effective nuclear charge Z') is not fixed, but th a t its distribution about a mean value is described by the wave function of a harmonic oscillator. The total wave function can then be written as ijrxwhere *><'.) = {^3} 
The interaction between two molecules thus represented can be evaluated as an expansion in powers of Z'0b/a0. It is first necessary to calculate the Coulomb interaction G0 between two spherical distributions with fixed effective nuclear charges Z x and with respect to t x and t2 in equations (4) and (5). We have
where R is the distance between the centres of the two distributions. This can be evaluated by the usual methods, using confocal elliptic co-ordinates, and gives after reduction
where
A = -^(Z[ + Zf t).
The observed value of G is then given by
For present purposes we can expand G0 in powers of A, giving -2 A .
-A2(f/1 + -QA* + \A* + A /'t5) + Equation (9) is then expanded in powers of noting th at only even powers in the integrand contribute to G. Writing A 0 BZ'0/a0 we obtain 
We shall now use equation (11) to estimate the isotope effect for the molecules H 2 and D2, where Z = 2. The equations given by Le (1931) for the repulsion between two hydrogen molecules are fitted fairly well for R = 2-3 A if we put 6 = 0 and Z ' 0 = 0*97 in equation (11). The vibrational spectrum of hydrogen gives 6(H2) ~ 0-090 A and 6(D2) ~ 0-075A, so that it is clear that further terms in equation (11) are negligible. Table 1 gives some approximate values calculated from equation (11). is the difference between the repulsive energies for the two isotopes (the value for hydrogen being the greater),
A Ri s the difference betwe which the energies of repulsion are the same for the two isotopes, and T is the tem perature at which Cr(H2) = kT. The isotopic differences are thus appreciable, being 2-25 % in and 0-3-1 -4 % in Ri n the range investigated. In view of the crudeness of model it is not claimed th a t these calculations can do more than indicate the order of magnitude of the isotope effect, but they do suggest th a t such an effect would be detectable by experiment. The most probable means of de tecting it would be by measurements of the second virial coefficients of hydrogen and deuterium. I t should, however, be remembered th a t there are two other factors which will contribute tc an isotopic difference in the virial coefficients. In the first place the exchange forces between the molecules will be effected by the zero-point energy of the nuclei in the same way as the repulsive forces. In the second place it is strictly necessary to use quantum theory in deriving the equation of state of a gas from the intermolecular forces, and hence for light molecules there will be some dependence on the mass even when the forces of attraction and repulsion are identical. The first effect could be largely eliminated by making measurements at fairly high temperatures, where the attractive forces become relatively less important. On the other hand, calculation appears to show (Uhlenbeck and Beth 1936; De Boer and Michels 1938 ) that the quantum effect will lead to isotopic differences which are at all temperatures considerably greater than those due to the difference in repulsive fields. The only measurements for H 2 and D2 at present available (Schaefer 1937 (Schaefer , 1938 are in the range 23-45° K. I t is possible th at measurements for H 2, D2 and HD over a range of tempera tures would make it possible to disentangle the various effects.
Summary
I t is pointed out th at the charge distribution in a diatomic molecule will be a function of the zero-point energy of the nuclear vibration, and hence th at the forces of attraction and repulsion between two such molecules will depend upon the nuclear masses. In the case of the Coulomb repulsion the magnitude of this effect is estimated by the quantitative treatm ent of a simple model. Calculated numerical data are given which indicate that this effect of the nuclear mass should lead to a measurable difference between the second virial coefficients of hydrogen and deuterium, though there are several other factors which would also contribute to the observed difference.
